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Abstract
We build explicitly an infinite number of equilibrium solutions of unloaded Marguerre–von Kár-
mán membrane shells. This construction is based upon the existence of three elementary solutions,
together with the solution of a Monge–Ampère equation associated with a partition of the reference
configuration of the shell. These solutions are characterized as stationary points of energy functionals
depending on the partition.
 2004 Elsevier SAS. All rights reserved.
Résumé
Nous construisons explicitement une infinité de solutions d’équilibre pour des coques membra-
naires de Marguerre–von Kármán non chargées. Cette construction repose sur l’existence de trois
solutions élémentaires, ainsi que sur l’existence d’une solution d’une équation de Monge–Ampère
associée à l’un des sous-domaines d’une partition de la configuration de référence de la coque. Ces
solutions sont caractérisées comme points stationnaires de fonctionnelles d’énergie qui dépendent de
la partition.
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1. Introduction
This paper deals with the set of solutions of a nonlinear membrane problem obtained by
a formal limit from Marguerre–von Kármán shallow shells equations when the thickness
parameter tends to zero. The result is that this problem has an infinite number of solutions,
of which we give some critical point properties with respect to an energy functional.
It is widely known that equilibrium problems of the mechanics of structures usually
loose uniqueness as the parameter reaches an eigenvalue of the linearized operator, and the
multiplicity of this eigenvalue is often one, or a small integer. But some cases have never-
theless been studied in which the eigenvalue may be of infinite multiplicity, even for very
simple structures. In the seventies, H.B. Keller et al. [5] studied a flat circular membrane
loaded by a radial force at the rim together with a surface pressure. They obtained that the
multiplicity of the eigenvalues increases progressively, and passes through a critical value
for which there exist infinitely many equilibrium solutions. Recently, Ch. Stuart [19] re-
visited the very classical buckling problem of the compressed elastica in the special case
of a beam tapered at the ends. The very interesting result is that there exists a critical ta-
pering, such that the qualitative characteristics of the spectrum changes suddenly. Instead
of a discrete spectrum made of isolated eigenvalues of finite multiplicity associated with
classical properties of the buckling modes, an essential spectrum appears, associated with
the occurrence of infinitely many possible shapes of the modes, with infinitely many zeros
in the domain and very sharp boundary layers. Closer to the topic of the present work,
the equilibrium of a shallow spherical cap was studied in several papers in the last decade
(e.g., [8,15,17]). Essentially, the results stated that, if the cap is radially pulled at the rim,
uniqueness holds if the traction is large enough [15]. If the cap is unloaded, uniqueness
holds if the cap is thick enough, and there exists a branch with two nontrivial solutions for
any cap thinner than a critical thinness [17]. The case where the thinness is equal to zero
was studied in [8]. It was obtained that the membrane problem possesses an infinity of equi-
librium solutions. All these works on the spherical cap made a strong use of the symmetry
of the cap and of the solutions they were dealing with, which led to a one-dimensional
boundary value problem. In the present work, we study the complete partial differential
equation problem, within the general framework of Marguerre–von Kármán equations.
The structure of this paper is the following. After the statement of the equilibrium prob-
lems in the shell and in the membrane cases, the first part consists in building the set of
solutions of a shallow shell without any symmetry assumptions. We show that this set con-
tains an infinite number of solutions that we give explicitly. The next part shows that these
equilibria are either minima or saddle-points of functionals depending on a partition of the
domain. Coming back to the initial Marguerre–von Kármán shell problem with a nonzero
thinness, we introduce some arising questions which are interesting from the point of view
of critical point theory or bifurcation theory.
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2. The Marguerre–von Kármán shell modelLet ω be a simply connected open set of the plane. Within classical justifications of shell
models this reference set is assumed to have a Lipschitz boundary, but in the present work
a higher regularity assumption will be necessary to build multiple solutions. The middle
surface Sε of a shell of thickness 2ε is built through the C1-diffeomorphism θε :ω → R,
θε ∈ C2(ω), by,
Sε = {(x1, x2, θε(x1, x2)), (x1, x2) ∈ ω}
and the reference configuration Ωε ⊂ R3, assumed to be stress-free, is given by:
Ωε = {x1, x2, θε(x1, x2)+ xε3aε(x1, x2), (x1, x2) ∈ ω, |xε3 | ε},
where aε is the unit normal to Sε . Assume the shell is made of a Saint-Venant Kirchhoff
material, of Young modulus E and Poisson ratio ν. Then, under external loads f ε ∈ L2(ω),
and boundary data ϕε1 ∈ H 3/2(∂ω) and ϕε2 ∈ H 1/2(∂ω), the rescaled component of the
displacement normal to the plane of ω is solution of the so-called Marguerre–von Kármán
set of equations, which is the following system:
{
2E
3(1−ν2) ε
32uε = 2ε[ϕε,uε + θε] + f ε,
2ϕε = −E2 [uε,uε + 2θε],
in ω, (1)
associated with boundary conditions
{
uε = ∂νuε = 0,
ϕε = ϕε1, ∂νϕε = ϕε2, on ∂ω. (2)
The main qualitative feature of problem (1), (2) is that the nonlinear terms, here in the
right-hand member, involve the so-called Monge–Ampère bracket [. , .], defined as
[g,h] = ∂11g∂22h+ ∂11h∂22g − 2∂12g∂12h (3)
for smooth enough functions g and h.
The unknown ϕε is an Airy function by which we can compute the other components
of the displacement, up to a rigid body motion, through linear elasticity problems. (See [7]
for a complete justification of this model.)
Several nonuniqueness results have been obtained for this model without any external
load. On the one hand, it has been obtained in [9] that this model possesses at least two
nontrivial solutions as soon as ε is smaller than a critical value. On the other hand, number
of works, following the work of Rosati [17], have established in the case of axisymmetrical
solutions of a spherical cap that this critical thinness is a limit point of a branch of nontrivial
solutions.
The present work investigates the set of the solutions to this equilibrium problem with
the following two restrictions: at first, we restrict our attention to the membrane case,
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which means that we are looking at the problem obtained by dropping the bending terms
ε εin problem (1), (2); secondly, we look at the unloaded problem, which means that f , ϕ1
and ϕε2 are all assumed to vanish. As parameter ε is no longer involved in this membrane
problem, we skip it and use the notation θ, S,u,ϕ in place of θε, Sε, uε,ϕε .
These changes lead to the following problem:
{ [ϕ,u+ θ ] = 0,
2ϕ = −E2 [u,u+ 2θ ],
in ω,
u = 0 and ϕ = ∂νϕ = 0 on ∂ω.
(4)
We draw attention to the fact that problem (4) is obtained formally from problem (1),
(2) by setting ε = 0, and not by an asymptotic analysis.
3. Infinitely many equilibrium solutions
We are now interested in the structure of the set of solutions of problem (4).
The following assumption on the map θ will be made in the sequel:
θ is as regular as necessary (instead of the C2(ω) regularity required in the general frame-
work) and convex.
For the sake of simplicity, we assume in addition that θ is equal to zero on ∂ω.
The result we obtain is that infinitely many solutions, which means that infinitely many
equilibrium shapes of the unloaded shell, can be explicitly built as announced in [11].
This work therefore generalizes a previous result given in [8] in the case of axisymmetric
solutions of a spherical cap.
3.1. Three elementary solutions
Without any external loads, the nonlinear Marguerre–von Kármán membrane shell
problem (4) possesses three solutions, which will be referred to as “elementary solutions”
in the following:
• solution A: u = 0, ϕ = 0 in ω,
• solution B: u = −θ in ω, 2ϕ = E2 [θ, θ ] in ω and ϕ = ∂νϕ = 0 on ∂ω,• solution C: u = −2θ, ϕ = 0 in ω.
In the two nontrivial cases, the regularity of the solution u is that of θ .
These elementary solutions have an interesting physical meaning: without any external
load, elementary solution A corresponds to the trivial equilibrium. Elementary solution C
corresponds to an exactly everted shape, obtained from the trivial shape by a symmetry with
respect to the plane of the reference set ω. Elementary solution B is such that the deformed
shell is contained in the plane of ω. The existence and interpretation of these three elemen-
tary solutions have already been noticed in [8] in the case of axisymmetrical solutions of a
spherical cap. We consequently observe that this existence result of three solutions can be
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extended to Marguerre–von Kármán shells without any symmetry assumption. Moreover,
this interpretation of the elementary solutions is natural in the present work as the unknown
is the vertical component of the displacement, while, because of specific changes of vari-
ables, it was relatively difficult in [8]. Elementary solutions A and C are inextensional, and
elementary solution B is not. In the latter case, the corresponding self-equilibrated in-plane
stress state is given by the component ϕ of the solution.
3.2. The critical point framework
We now give a functional framework for problem (4), and establish that in order to
obtain solutions to problem (4), it is possible to study the set of stationary points of a
family of functionals.
Assume domain ω is partitioned into a finite number N of sufficiently smooth subdo-
mains ωi : ω =⋃Ni=1 ωi , ωi = ∅ for 1  i  N , ωi ∩ ωj = ∅ for i = j . Let P be such a
partition and introduce the following functional framework:
K1(ω) =
{
v ∈ H10(ω) | v|ωi ∈ H2(ωi), 1 i N
}
,
K2(ω) =
{
v ∈ H20(ω) | v|ωi ∈ H20(ωi), 1 i N
}
,
where H1(ω) (respectively, H2(ω)) denotes classically the set of equivalence classes of
functions defined on ω whose first (respectively, second) distributional derivatives are
square integrable over ω, H10(ω) and H
2
0(ω) are the adherence of the set D(ω) of C∞
functions with compact support in ω respectively in the Sobolev space H1(ω) and H2(ω).
Spaces K1(ω) and K2(ω) are equipped with the usual norm of H2(ω). The notation v|ωi
stands for the restriction to subdomain ωi of a function defined in ω.
For all v and w given in K1(ω), let us look for a function ψ defined on ω by the
following boundary value problem:
{
ψ |ωi ≡ ψi for i = 1 − N,
2ψi = −E2 [v|ωi ,w|ωi ] in ωi,
ψi = ∂νψi = 0 on ∂ωi.
(5)
A weak solution of problem (5) is defined as a solution of the following problem (6):
{
ψ ∈ K2(ω),∫
ω
ψzdω = −E2
∫
ω
[v,w]zdω
∀z ∈ K2(ω), ∀(v,w) ∈ K1(ω)×K1(ω).
(6)
Problem (6) has a unique solution thanks to classical arguments. As a matter of fact the
definition (3) of the Monge–Ampère bracket means that the integral of the right-hand side
contains a sum of three terms of the type z∂αβv∂γ δw. On the one hand ∂αβv and ∂γ δw both
belong to L2(ωi) for each subdomain ωi . On the other hand z|ωi belongs to H20(ωi), which
implies, thanks to Rellich–Kondrašov imbedding theorem, that z|ωi belongs to C0(ωi)
(see., e.g., [1]). Consequently the pointwise product of one of the terms in L2(ωi) by z|ωi
also belongs to L2(ωi) and the integral over ω is finite as soon as the partition is given.
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This means that, given a partition P , we can define an operator GP which associate a
pair of functions of K1(ω) with the weak solution to problem (5) as follows:
GP (. , .) :K1(ω) ×K1(ω) → K2(ω),
v,w → −E
2
GP (v,w) = ψ.
This operator has the following properties:
Lemma 3.1. (i) GP (v,w) is bilinear symmetric;
(ii) the operator GP (. , v) is linear, compact, self-adjoint for any fixed v in K1(ω);
(iii) the map w → GP (w,w) is compact on K1(ω).
Proof.
• Point (i) is elementary.
• Point (ii) requires the following technical lemma:
Lemma 3.2. The following identity holds for all function u in K2(ω) and any pair (v,w)
of functions in K1(ω): ∫
ω
u[v,w]dω =
∫
ω
[u,v]w dω.
Proof. The proof is just based on integrations by parts, but needs a little care to be sure
that all the terms are well defined. After two integrations by parts, we obtain:
∫
ω
u[v,w]dω =A+B, (7)
where A stands for an integral over ω, and B for boundary integrals.
The integral over ω is defined as:
A=
∫
ω
w
(
∂22(u∂11v)+ ∂11(u∂22v)− 2∂12(u∂12v)
)
dω, (8)
Eq. (8) is made of three terms, all of which having the same structure; as an example, let
us look at the first one:∫
ω
w
(
∂22(u∂11v)
)
dω =
∫
ω
wu∂1122v dω + 2
∫
ω
w∂2u∂112v dω +
∫
ω
w∂22u∂11v dω, (9)
and study successively each integral this term is made of.
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Let us consider one of the subdomains ωi . As both u and w belong to H2(ωi), their
2pointwise product also belongs to H (ωi), by an usual consequence of the fact that
W
m,p(Ω) is a Banach algebra for Ω ⊂ R2 and mp > 2 (cf., e.g., [1]). Moreover u is
in H20(ωi), then so is the pointwise product uw. All the parts of the first integral of formula
(9) has consequently the meaning of the duality pairing between H20(ωi) and H−2(ωi).
Let us go on considering a subdomain ωi and study the pointwise product w∂2u. On
the one hand, ∂2u|ωi belongs to H10(ωi) and w|ωi belongs to C0(ωi). Then w∂2u is an
element of H10(ωi). As the other term ∂112v is an element of H
−1(ωi), the second integral
of formula (9) consists consequently of a sum of terms which are all defined as the duality
pairing between H10(ωi) and H
−1(ωi).
In the third integral, two terms belong to L2(ωi) and the third to H2(ωi) in any subdo-
main ωi . This last integral is consequently finite as a finite sum of L2(ωi) scalar products.
Then Eq. (8) may be rewritten as
A=
∫
ω
[u,v]w dω. (10)
On the other hand, the integral B on the boundaries is defined as
B =
N∑
i=1
( ∫
∂ωi
[−∂1(u∂22w)vνi,1 − ∂2(u∂11w)vνi,2 + 2∂1(u∂12w)vνi,2]dγ
+
∫
∂ωi
[
u∂1v∂22wνi,1 + u∂2v∂11wνi,2 − 2u∂2v∂12wνi,1
]
dγ
)
, (11)
where (νi,1, νi,2) is the unit normal to ∂ωi . It is clear that all these terms vanish for
u ∈ K2(ω). This completes the proof of Lemma 3.2.
The fact that operator GP (. , v) is self-adjoint follows easily.
On the other hand, we observe that operator GP (. , v) can be written as
GP (. , v) ≡ (2)−1[., v],
where (2)−1 denotes the Green operator which inverses the biharmonic associated with
boundary conditions of problem (5). Let us use the notationH(·) for ()−1[. , v]. Operator
H(·) is bounded on K1(ω). Since GP (. , v) = −1H(·) and −1 is compact, then GP (. , v)
is compact.
• Point (iii) is then classical; this completes the proof of Lemma 3.1. 
Let us now introduce the following functional ΓP (v) defined on K1(ω) by:
ΓP (v) = 14
∫
ω
(
GP (v, v + 2θ)
)2 dω. (12)
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This leads to the following result:Theorem 3.1. Given a partition P , let u ∈ K1(ω) be a stationary point of functional ΓP .
Then, the pair (u,ϕ), with ϕ = GP (u,u + 2θ), is a solution to problem (4).
Proof. Classical calculus of variations leads to
Γ ′P (u).v =
∫
ω
GP (u,u + 2θ)GP (v,u+ θ)dω. (13)
Let us now set ϕ = −E2 GP (u,u + 2θ) ∈ K2(ω). Eq. (13) can then be rewritten and gives
the following equation of the stationary points:
Γ ′P (u).v =
∫
ω
ϕ[v,u+ θ ]dω =
∫
ω
[ϕ,u+ θ ]v dω = 0, (14)
where the first integral is due to the definition of a weak solution to problem (5), and
the second follows from Lemma 3.2. We consequently get [ϕ,u + θ ] = 0 from equation
Γ ′P (u).v = 0, ∀v ∈ K1(ω). 
We first observe that elementary solutions A, B and C are actually stationary points of
functional ΓP (v) built with N = 1, and, as a consequence of Theorem 3.1, we can state
the following result:
Corollary 3.1. If a partition of domain ω is such that there exists a solution to equation
[u,u + 2θ ] = 0 in one of the subdomains, then we can built solutions to problem (4) by
combining this solution with elementary solutions A, B, C in the other subdomains.
Proof. The proof is straightforward as the requirements of Corollary 3.1 means that the
integrals in the left-hand side of equation Γ ′P (u).v = 0 ∀v ∈ K1(ω) are all equal to zero
either by ϕ ≡ 0 in some subdomains or by u = −θ in the others.
We shall prove that such a partition could be chosen in infinitely many ways, so that
we can built, by an explicit construction, infinitely many solutions to problem (4). This is
given in details in the next subsection.
Remark 3.1. It may seem that a natural framework for the obtention of nontrivial solutions
would need only K1(ω) and H20(ω). As a matter of fact, for v and w given in K1(ω) and z
given in H20(ω), problem (6) still have a unique solution in H20(ω). Consequently operator
GP can be introduced in the same way as what has been done. But, with u ∈ H20(ω) and
v and w in K1(ω), Lemma 3.2 is changed into
∫
ω
u[v,w]dω = ∫
ω
[u,v]w dω + B, where
jumps across the internal boundaries⋃i =j ∂ωi ∩∂ωj do not vanish in integral B. The effect
of these boundary terms is that Eq. (14) of the stationary points involves additional terms
which could be interpreted as forces or momentum on the boundaries. The introduction of
K2(ω) means that these interface terms are constrained to be zero, which seems natural for
a membrane model.
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3.3. Other solutionsThe aim of this subsection is now to show how to build these solutions explicitly. In
order to give a simpler understanding of this construction, we come back to the strong
problem (4). The main tool of this construction consists in associating one of the elemen-
tary solutions with a part of the domain, and to solving a Monge–Ampère equation in the
other part. After a first construction, this idea will be extended to more general partitions
of domain ω, which will give other sets of solutions.
3.3.1. Construction from elementary solution B
Let us first consider a partition ω = ω1 ∪ ω2, where ω2 is a regular convex open set,
strictly interior to ω. Using such a partition, we can check that problem (4) is satisfied by
the solutions of the following problem:
{
u = −θ in ω1,
2ϕ = E2 [θ, θ ] in ω1,
ϕ = ∂νϕ = 0 on ∂ω1,
(15)
{ [u,u + 2θ ] = 0 in ω2,
u = −θ on ∂ω2,
ϕ = 0 in ω2.
(16)
Showing that there exists a solution to the membrane problem associated with the
chosen partition amounts consequently to studying the nonlinear problem (16). We first
observe that the change of variables v = u + θ changes this problem into [v, v] = [θ, θ ]
in ω2, v = 0 on ∂ω2, that is a Monge–Ampère equation in a regular convex domain with
regular data. For such a problem in the case of an open set of R2, we recall the following
results obtained in [4,13,14]:
Let Ω be a regular convex open set, φ and f regular given functions, f positive on Ω ;
then
(i) the problem Det(∂2w) = f in Ω , w = φ on ∂Ω has a unique solution in C2(Ω) ∩
C0(Ω);
(ii) if in addition f ∈ C∞(Ω), and φ is the restriction to ∂Ω of a function C∞(Ω), then
the solution is also in C∞(Ω).
We can consequently conclude, as the convexity of θ implies [θ, θ ] > 0,
Theorem 3.2. Problem (4) possesses infinitely many solutions obtained by combining the
solution of a Monge–Ampère equation on a regular convex part of the domain, together
with elementary solution B on the complementary part.
3.3.2. Construction with elementary solutions A and C
Another set of solutions, different from those built with elementary solution B, can be
built using elementary solutions A and C. As a matter of fact, let us introduce a new parti-
tion as follows: ω = ω1 ∪ω2 ∪ω3, ωi ∩ωj = ∅, and, using the notations γi = ∂ωi ∩ ∂ω and
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γij = ∂ωi ∩ ∂ωj , γi = ∅ for i ∈ {1,2,3}, γ12 = ∅, γ23 = ∅, γ13 = ∅. Then, if the following
problem:


u = 0 in ω1,
ϕ = 0 in ω1,
[u,u+ 2θ ] = 0 in ω2,
u = 0 on γ12,
u = −2θ on γ23,
u = 0 on γ2,
ϕ = 0 in ω2,
u = −2θ in ω3,
ϕ = 0 in ω3,
(17)
possesses a solution, the latter will also be a solution to the initial problem (4). As
previously, the proof of the existence uses the change of variables v = u + θ which now
transforms the problem in ω2 into [v, v] = [θ, θ ] in ω2, v = θ on γ12, v = −θ on γ23,
v = θ on γ2. Assuming in addition that there exists a regular part of the boundary ∂ω, we
can always choose the sub-domain ω2 in such a way that the assumptions of the existence
and regularity results previously recalled for Monge–Ampère equation hold, γ12 being in-
cluded in this regular part. This regularity assumption for domain ω is now assumed to
hold in the following.
3.3.3. Construction with elementary solutions B and A or B and C
It is also possible to associate elementary solution B with a partition of ω having more
than two sub-domains. Let us take for instance the partition into three sub-domains of the
previous construction. As previously, we conclude by the study of the problem in ω2 that
the following problems give infinitely many solutions different from those already built;


u = −θ, in ω1,
2ϕ = E2 [θ, θ ] in ω1,
ϕ = ∂νϕ = 0 on ∂ω1,
[u,u+ 2θ ] = 0 in ω2,
u = −θ on γ12,
u = 0 (respectively, −2θ) on γ23,
u = 0 on γ2,
ϕ = 0 in ω2,
u = 0 (respectively, −2θ) in ω3,
ϕ = 0 in ω3.
(18)
Remark 3.2. The same kinds of construction can be reproduced with partitions having as
many subdomains as we want, under the only condition that the regularity and convexity
constraints of the parts associated with Monge–Ampère equation are satisfied.
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3.3.4. Other sets of nontrivial solutions
In addition to the whole set of previous solutions, it is possible to build solutions which
are locally everted.
Theorem 3.3. Problem (4) possesses an infinite number of solutions which are locally
everted.
Proof. Let ax1 + bx2 + cx3 − d = 0 (with a2 + b2 + c2 = 1) be the equation of a plane
P that intersects the shell; to each point of the shell with coordinates (x1, x2, θ(x1, x2))
corresponds the symmetric (with respect to this plane) everted point with coordinates
(2la,2lb,2lc) where l = −ax1 − bx2 − cθ(x1, x2) + d . The Monge–Ampère brackets
which appear in the equilibrium problem (4) and are associated with the displacement
of this local eversion are easily computed as:
{ [u,u+ 2θ ] = −4c2(1 − c2)[θ, θ ],
[ϕ,u+ θ ] = (1 − 2c2)[ϕ, θ ]. (19)
A necessary condition for the quantity [u,u + 2θ ] to vanish is therefore that 1 − c2 = 0,
that is the plane P be parallel to the reference plane (x1, x2) (i.e., horizontal; the case
c = 0 which corresponds to a vertical plane is of no interest). Hence any locally everted
inextensional shape (in the sense ϕ = 0) corresponds to a solution to problem (4) if P is
horizontal. When P is not horizontal there is no inextensional everted solution.
But even when P is not horizontal, locally everted solutions defined by symmetry with
respect to P still exist. Let ω0 be the convex subdomain of ω whose boundary ∂ω0 is
mapped by θ on P ∩S. The membrane equations posed in ω0 and associated with the local
eversion defined by symmetry with respect to P reduce to:
{
(1 − 2c2)[ϕ, θ ] = 0,
2ϕ = 2Ec2(1 − c2)[θ, θ ], in ω0 (20)
with the boundary conditions ϕ = ∂νϕ = 0 on ∂ω0. Thus for the infinite number of planes
such that
a2 + b2 = c2 or 1 − 2c2 = 0 (21)
there is a locally everted solution whose component ϕ is given by:
{
2ϕ = E2 [θ, θ ] in ω0,
ϕ = ∂νϕ = 0 on ∂ω0, (22)
in ω0, and by ϕ = 0 in the complementary of ω0 in ω. 
Remark 3.3. Two points are specially worth seeing in the latter sets of nontrivial solutions:
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• The fact that a locally everted solution built by a symmetry with respect to a plane is
not an inextensional solution as soon as the plane is not horizontal is relatively opposite
to intuition.
• Nevertheless, we can built an infinity of extensional locally everted solutions, as infi-
nitely many planes satisfy Eq. (21). But we must observe that the planes which satisfy
Eq. (21) are only those which are orthogonal to the radii of the unit sphere that make
an angle π/4 with the horizontal plane. This means that if we assume that a plane is
given which intersects the membrane, a symmetry with respect to this plane generi-
cally does not lead to a solution to the membrane equations. This second point also is
strongly opposite to intuition.
These two points appear as consequences of the shallowness assumptions in the Marguerre–
von Kármán model, and disappear in the case of general shells [12].
4. Characterization of these equilibria
4.1. Preliminary comments
Let us begin with qualitative comments about the results of Section 3.
Each solution is associated with a partition of the domain. In particular, the first con-
struction of Section 3.3.1 is associated with the simplest partition given by a regular closed
curve in ω. This means that, if we try to associate each solution given by this construction
with a value of a parameter, as one usually does in bifurcation theory, the parameter would
belong to an infinite dimensional space. Moreover, we conclude from the other subsec-
tions in Section 3 that we can associate an infinite dimensional parameter space with a set
of solutions to problem (4) in infinitely many ways, for example with more than one closed
curve, with curves matching ∂ω, etc., . . . as shown in Fig. 1.
The other comment deals with the regularity of these solutions. The strong solutions of
problem (1), (2) are classically such that uε ∈ H 20 (ω) ∩ H 4(ω), ϕε ∈ H 4(ω) (cf. [7]), and
that of (4) such that u ∈ H 10 (ω) ∩ H 2(ω), ϕ ∈ H 20 (ω) ∩ H 4(ω). In the same way as for
the spherical cap (see [8]) the functional framework we dealt with to build infinitely many
solutions has a lower regularity, due to the matches at the boundaries which are C0 for u
and C1 for ϕ.
But, as long as partition P consists of a finite number of sufficiently smooth subdomains
with nonzero measure, this regularity is much higher as it is easily seen.
Fig. 1. Examples of partitions of the open reference set, associated with nontrivial solutions.
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• Let a subdomain ωi be associated with the Monge–Ampère operator in the previous∞constructions. Then ϕ is equal to a constant in ωi and u belongs to C (ωi) under the
assumptions of the results recalled from [4,13,14].
• Let a subdomain ωj be associated with an equation involving the biharmonic operator,
then the regularity of u in ωj is that of θ , and ϕ is at least in H 4(ωj ) and has a regu-
larity which increases with the regularity of the data (i.e., of θ in the present case) if
the subdomain does not possess any vertex with an inner angle greater than π (cf. [2]),
which is not restrictive for our purpose.
• In all the other cases the solution (u,ϕ) in a subdomain either is a constant (e.g., in
ω1 in construction (17)), or has the regularity of θ (e.g., in ω3 in construction (17) or
when the solution is locally everted).
We can now try to depict this set of solutions. Let us consider elementary solutions A,
B, C as three points in the functional space, and consider the triangle of vertexes A, B, C.
Then the previous constructions suggest a kind of filling of this triangle, as each solution
can be considered as “intermediate” between A, B and C.
This schematic picture of the set of solutions, which was already used in [6] in the case
of the spherical cap, seems useful to ask three questions:
(i) What can be said about the structure of this set with respect to critical points theory, as
for the moment these solutions are critical points of a family of functionals depending
on the partition?
(ii) What can be said about this infinity of solutions with respect to bifurcation theory?
(iii) What is the topological structure of this triangle?
The remaining part of the present work consists in the beginning of an answer to ques-
tions (i) and (ii). No further investigation has been done to address the last question,
whereas this question has been answered in the case of an elastic string [3].
Fig. 2. A schematic picture of the set of solutions.
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4.2. Properties of the critical pointsTheorem 3.1 states that if a function u of K1(ω) is a critical point of functional ΓP
defined by expression (12) then the pair (u,ϕ) with ϕ = GP (u,u+ 2θ) is a solution to the
membrane problem. We now study the properties of these critical points:
Theorem 4.1. Given a partition P consisting of a finite number of nonzero measure suffi-
ciently smooth subdomains:
(i) Any solution involving only u = 0, u = −2θ , or a function of K1(ω) satisfying
[u,u+ 2θ ] = 0 associated with any partition of ω is a minimum of functional ΓP .
(ii) Any solution involving u = −θ on any nonzero measure part of domain ω is a saddle-
point of functional ΓP .
(iii) Any solution locally everted with respect to a non horizontal plane is a saddle-point
of functional ΓP .
Proof. We first remark that point (i) includes solutions that are locally everted with respect
to a horizontal plane.
We observe that functional ΓP is positive, and that it vanishes for u = 0, u = −2θ , or
for any function u of K1(ω) such that [u,u+ 2θ ] = 0. Then point (i) is trivial.
The case u = −θ in some part of the domain needs a little bit more care.
The two first variations of functional ΓP read:
Γ ′P (u).v =
∫
ω
GP (u,u+ 2θ)GP (v,u+ θ)dω;
Γ ′′P (u)(v,w) =
∫
ω
{
2GP (v,u+ θ)GP (w,u+ θ)+GP (u,u+ 2θ)GP (v,w)
}
dω.
We actually check that the quadratic form associated with Γ ′′P (u) is positive for any
function of K1(ω) satisfying [u,u + 2θ ] = 0, and in particular for elementary solutions
u = 0 and u = −2θ in ω.
Assume that u = −θ holds in the whole domain (elementary solution B). For this solu-
tion we get:
Γ ′′P (−θ)(v, v) = −
∫
ω
GP (θ, θ)GP (v, v)dω = −
∫
ω
GP (θ, θ)[v, v]dω,
where the second equality follows, in the same way as in Eq. (14), from the definition
(6) of a weak solution of problem (5). Since θ is a given function, GP (θ, θ) is a given
function. Therefore, the sign of the quadratic form Γ ′′P (−θ)(v, v) depends on the choice
of v, through the sign of Det(∂2v), and is not constant on K1(ω). This means that u = −θ
in ω is a saddle-point of functional ΓP .
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Let us now assume that a partition of ω is given according to the constructions of Sec-
tion 3, involving u = −θ in ω1, and either u = 0 or u = −2θ , or a function of K1(ω)
satisfying [u,u + 2θ ] = 0 in ω2. The quadratic form associated with the second variation
of functional ΓP at this solution reads:
Γ ′′P (u)(v, v) = −
∫
ω1
GP (θ, θ)[v, v]dω +
∫
ω2
(
GP (v,u+ θ)
)2 dω.
Let us choose v ≡ 0 in ω1, then Γ ′′P is positive definite at u; or choose v ≡ 0 in ω2, then
the sign of the quadratic form Γ ′′P (u)(v, v) just depends on the choice v as pointed out just
above for the solution u = −θ in ω.
The same argument holds for solutions built with partitions of any finite number of
subdomains, and for the proof of point (iii) for which u is given by [u,u + 2θ ] = −[θ, θ ]
in ω0 and u = 0 in ω \ω0. 
Remark 4.1. We recalled at the beginning of this section that the triangular structure of the
set of the solutions has already been obtained in the case of the spherical cap. But in the
present case, the vertex u = −θ of the triangle is a saddle-point of functional ΓP , while the
corresponding equilibria is a maximum in the case of the spherical cap (see [8]). Roughly
speaking, this difference is due to the fact that the Monge–Ampère bracket [v, v], which
has no sign, was replaced by the product vv.
Remark 4.2. As it is stressed by the notations all along this paper, functional ΓP (v) de-
pends on the domain, in the sense that the partition appears as a parameter. Assume a
new functional is built, at least implicitly, such that the partition becomes an argument
of this functional, say Γ (P, v). Then this functional would have infinitely many minima,
all equal to zero, as all the functionals ΓP (v) are positive and has zero as minima. But
nothing could be said about a relation between the saddle points of functionals ΓP (v) and
stationary points of functional Γ (P, v).
5. Conclusion: towards a bifurcation analysis
Let us come back to the initial shallow shell problem. An equivalence result is now
obtained between a solution to problem (1), (2) and a stationary point of an energy func-
tional. Referring to an uniqueness result when the shell is thick enough, we then give some
remaining works as concluding remarks.
Let us denote λ = E3(1−ν2) ε2. Without any external load, problem (1), (2) formally reads:


λ2u = [ϕ, u+ θ ] in ω,
2ϕ = −E2 [u,u+ 2θ ] in ω,
u = ∂νu = 0 on ∂ω,
ϕ = ∂νϕ = 0 on ∂ω.
(23)
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The functional framework now only involves the Sobolev space H20(ω). Domain ω is
not partitioned but we can still define a compact operator G in the same way as in Section 3:
G(. , .) :H20(ω)×H20(ω) → H20(ω),
such that the component ϕ of the weak solution to problem (23) for u given in H20(ω) reads:
ϕ = −E
2
G(u,u+ 2θ), (24)
so that system (23) can be rewritten in the form of a single functional equation:
λu+ G(G(u,u + 2θ), u+ θ)= 0, (25)
which can be seen as an eigenvalue problem associated with a nonlinear integral operator.
Remark 5.1. The form (25) of problem (23) is interesting as it makes it clear that the
behavior may change as the thickness parameter varies, which is not usual with respect to
classical buckling problems since there is no external loads.
It has been obtained in [10] in the clamped case, and in [18] in the simply supported
case, that the set of unloaded Marguerre–von Kármán shallow shells equations possesses a
single solution if parameter λ is larger than a strictly positive value λ0. This is formally the
same as a part of the result obtained in the case of the spherical cap, where we gave unique-
ness if a thinness condition holds and described nontrivial solutions otherwise [8,17].
On the other hand we know from Section 3 that problem (23) have infinitely many
solutions for λ = 0, which means that λ = 0 could be seen as a point of the spectrum of
infinite multiplicity. But this should be said carefully since, at the limit from Eq. (25) as
λ → 0, operator G is changed into an infinite family of operators GP .
The works in progress include the understanding on the one hand of this family of
operators, and on the other hand the existence and the nature of the singular points located
in the closed interval [0, λ0] of the real axis.
Let us now built a functional Γ (v) on H20(ω) as
Γ (v) = λ
2
∫
ω
(v)2 dω + 1
4
∫
ω
(
G(v, v + 2θ))2 dω. (26)
We establish the following equivalence result:
Proposition 5.1. The following assertions (i) and (ii) are shown to be equivalent:
(i) a pair (u,ϕ) is a solution to problem (23);
(ii) u is a stationary point of functional Γ .
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Proof. The proof relies upon Lemma 3.2, where the domain is not partitioned and func-
2tions u, v and w are in H0(ω). 
Coming back to the membrane problem, that is the shell problem for λ = 0, two points
are now under study:
• It is important to drop the shallowness assumption and look at what happens to the set
of solutions for general unloaded shells. This is in progress in [12] within the frame-
work of membrane equations given in [6].
• It is also of interest to study the special nature of the set of solutions in the present
shallow shell case. The latter will require a topological analysis of “triangle” ABC,
generalizing to two-dimensional problems the analysis given by Reeken et al. for a
catenary problem [3,16]. This meets the previous remarks on the family of operators
GP and of functionals ΓP .
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